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1 Introduction 



In this article we shall survey just a few of the many recent developments in Differential Geome- 
try which relate algebraic properties of various operators naturally associated with the curvature 
of a pseudo-Riemannian manifold to the underlying geometric properties of the manifolds in- 
volved. 

We introduce the following notational conventions. Let M = (M, g) be a pseudo-Riemannian 
manifold of signature (p, q) and dimension m = p + q. We say that M is Riemannian if p = 0, 
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i.e. if g is positive definite. We say that A4 is Lorentzian if p = 1. Let 

S$(M) = {£eT P M:g&Z) = ±l} 

be the pseudo-spheres of unit spacelike (+) and unit timelike (— ) vectors. Let V be the Levi- 
Civita connection and let 

K(x,y) := V x V y - V y V x - V^j 

be the associated skew- symmetric curvature operator. If {e^} is a local frame for the tangent 
bundle, we let gij := g(ei,ej) and let g %3 be the inverse matrix. The Jacobi operator and the 
Ricci operator are the self-adjoint endomorphisms defined, respectively, by: 

J(x) : y — > TZ(y, x)x and p : x — » ^) g %3 TZ(x, ej)ej. (1-1) 

ij 

One also defines the curvature tensor R G (g> 4 T*M, the scalar curvature r, the Weyl conformal 
curvature operator W, and the conformal Jacobi operator Jw-, respectively, by: 

R{x,y,z,w) = g(K(x,y)z,w), 

r := Tr(p) = E lJ ki9 il 9 jk R(e l ,e J ,e k ,e l ), (1.2) 
W(x, y) : z -> fc(x, y)z - {(m - l)(m - 2)}" 1 r{s-(y, z)x - z)y} 

+ (m - 2) _1 z)x - </(px, z)y + 5(2/, z)px - 5(2;, z)py} , 

Jw{x) : ?/ ^ W(y,x)x. 

Motivated by the seminal paper of Osserman [23], one studies the spectral properties of the 
Jacobi operator J and of the conformal Jacobi operator Jw and makes the following definitions: 

Definition 1. Let A4 be a pseudo-Riemannian manifold. 

1. M is pointwise Osserman if J7" has constant eigenvalues on Sp~(A4) and on S'p(.M) for 
every P € M. 

2. is pointwise conformally Osserman if J\y has constant eigenvalues on Sp~(M) and 
on Sp(.M) for every P G M. 

We refer to [16] for a more complete discussion of Osserman geometry as that lies beyond 
the scope of our present endeavors. 

Similarly, motivated by the seminal papers of Stanilov and Videv [26], of Tsankov [27], and 
of Videv |28j one studies the commutativity properties of these operators: 

Definition 2. Let Al be a pseudo-Riemannian manifold. 

1. M is Jacobi-Tsankov if ^7(6)^(6) = Jfa)J{£i) for all 

2. M is mixed-Tsankov if ft(6, = J(6)ft(6,6) for a11 6 

3. M is skew-Tsankov if ft(6,&)7£(6,6) = ^(6,6)^(6,6) for all 6 

4. M is Jaco&i-^ev if J(£)p = pj{£) for all 6 

5. M. is skew-Videv if 7£(6> 6)/° = /°^(6)6) fo r all 6- This has also been called Ricci 
semi-symmetric by some authors. 

In this brief note, we survey some recent results concerning these concepts; we refer to [161 
\T7\ [TH] for a discussion of some previous results in this area. 
Our first task is to pass to the algebraic setting. 
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Definition 3. Let (•, •) be a non-degenerate bilinear form of signature (p, q) on a finite dimen- 
sional real vector space V. Let R £ ® A V* be a 4-tensor. We say that 971 = (V, (•, •), R) is a model 
and that R is an algebraic curvature tensor if -R satisfies the usual curvature identities for all 
x, y, z, and w: 

R(x, y, z, w) = -R{y, x, z, w) = R{z, w, x, y), 
R(x, y, z, w) + R(y, z, x, w) + R(z, x, y, w) = 0. 

The associated algebraic curvature operator 1Z is then defined by using the inner product to 
raise indices; this skew-symmetric operator is characterized by the identity: 

(K{x,y)z,w) = R(x,y,z,w). 

The Jacobi operator, the Ricci operator, the Weyl conformal curvature operator, and the con- 
formal Jacobi operator are then defined as in equations (jl.ip and (|1.2p . The concepts of 
Definitions Q] and [2] extend naturally to this setting. 

If P is a point of a pseudo-Riemannian manifold Ai, then the associated model is defined by 

Wl(M,P) := (T P M,gp,R P ). 

We note that every model 97t is geometrically realizable; this means that given 97t, there is 
(Ai,P) such that 9Jt(M,P) is isomorphic to 50? - see, for example, the discussion in |17j . 
One has the following examples of algebraic curvature tensors. 

Example 1. 

1. If ip is self-adjoint with respect to (•, •), one defines an algebraic curvature tensor 

Ri>{x,y,z,w) = (ipx,w)(Tpy,z) - (^x,z}(ipy,w). 

Taking ip = id and rescaling yields the algebraic curvature tensor of constant sectional 
curvature c: 

R c (x,y,z,w) = c{(x,w)(y,z) - (x,z)(y,w)}. 

One says that a model 971 or a pseudo-Riemannian manifold Ai has constant sectional 
curvature c if R = R c for some constant c. 

2. If <j) is skew-adjoint with respect to (■, •), one defines an algebraic curvature tensor 

Rcp{x,y,z,w) = (<j)y,z)((j)x,w) - (<px, z){<jyy,w) - 2(4>x,y)(4>z,w). 

Remark 1. The space of algebraic curvature tensors is spanned as a linear space by the tensors 
given in Example Q] (1) or in Example [T] (2) [13j ; we also refer to |12| . 

Our first result is the equivalence of conditions (1) and (2) and of (4) and (5) in Definition [2 
if 9Jt is a model or if Ai is a pseudo-Riemannian manifold, then Jacobi-Tsankov and mixed- 
Tsankov are equivalent conditions. Similarly Jacobi- Videv and skew-Videv are equivalent con- 
ditions. This follows from the following result |20j : 

Theorem 1. Let 971 be a model and let T be a self-adjoint linear transformation of V . Then 
the following assertions are equivalent: 

1. lZ(x, y)T = TTZ(x, y) for all x, y E V. 
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2. J(x)T = TJ(x) for all x G V. 

3. R(Tx, y, z, w) = R(x, Ty, z, w) = R(x, y, Tz, w) = R(x, y, z, Tw) for all x, y, z, w in V . 

Here is a brief outline of the remainder of this article. In Section [21 we study Jacobi- 
Tsankov models and manifolds. In Section [3l we study skew-Tsankov models and manifolds. In 
Section HI we study Jacobi-Videv models and manifolds. In Section [5l we recall some general 
results concerning conformal Osserman geometry. In Section [6l we study these concepts in the 
context of Walker manifolds of signature (2,2). 

2 Jacobi— Tsankov models and manifolds 

We first turn to the Riemannian setting in the following result [9]: 
Theorem 2. IfVJt is a Jacobi-Tsankov Riemannian model, then R = 0. 

Proof. We can sketch the proof as follows. Since {S(x)} x eV form a family of commuting self- 
adjoint operators, we can simultaneously diagonalize these operators to decompose V = (B\V\ 
so J{x) = \{x) id on V\. If x G V, decompose x = ®x\ for x\ G V\. Let 

O = {x G V : x A + for all A}; 

this is an open dense subset of V. If x G O, since J(x)x = 0, \{x) = for all A. Since O 
is dense and A(-) is continuous, \{x) = for all x so J(x) = for all x; the usual curvature 
symmetries now imply the full curvature tensor R vanishes. ■ 

Definition 4. One says that a model 9Jt or a pseudo-Riemannian manifold A4 is orthogonally 
Jacobi-Tsankov if J{x)J{y) = J(y)J{x) for all vectors x and y with x _L y. 

One has the following classification result [9j; we also refer to a related result [27] if Ai is 
a hypersurface in R m+1 . 

Theorem 3. 

1. Let dJt = (V, (•, -),R) be a Riemannian model. Then 5DT is orthogonally Jacobi-Tsankov if 
and only if one of the following conditions holds: 

(a) R = cR 1( i has constant sectional curvature c for some c G R. 

(b) dim(y) is even and R = cR® is defined by Example Q] (2) where O is a Hermitian 
almost complex structure on (V, (■, •)) and where c G R. 

2. Let M be a Riemannian manifold of dimension m. 

(a) If m > 2, then A4 is orthogonally Jacobi-Tsankov if and only if M has constant 
sectional curvature c. 

(b) If m = 1, then M. is always orthogonally Jacobi-Tsankov. 

Definition 5. We say that a model 5DT or a pseudo-Riemannian manifold A4 is conformally 
Jacobi-Tsankov if Jw{x)Jw{y) = Jw{v)Jw{x) for all x and y. We say that Wl or M. is 
orthogonally conformally Jacobi-Tsankov if Jw{x)Jw{v) — Jw{v)Jw{ x ) for all vectors x and y 
with x _L y. 

Remark 2. These are conformal notions - if M is conformally equivalent to Mi, then M is 
conformally Jacobi-Tsankov (resp. orthogonally conformally Jacobi-Tsankov) if and only if Mi 
is conformally Jacobi Tsankov (resp. orthogonally conformally Jacobi-Tsankov). We refer to [3] 
for further details. 
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We have the following useful result: 

Theorem 4. A Riemannian model 9Jt is orthogonally conformally Jacobi-Tsankov if and only 
ifW = 0. 

Proof. Let W be the associated Weyl conformal curvature operator. Then W is an algebraic 
curvature tensor which is orthogonally-Jacobi Tsankov. Thus Theorem [3] yields either that 
W = cR,\a or that W = cJZq. Since the scalar curvature defined by the tensors T^id and 1Z@ is 
non-zero, we may conclude c = 0. ■ 

There are non-trivial examples of Jacobi-Tsankov manifolds and models in the higher signa- 
ture setting. 

Definition 6. We say that a model 5DT = (V, {■,■), R) is indecomposable if there is no non-trivial 
orthogonal decomposition V = V± ffi V 2 which induces a decomposition R = R\ © R 2 . 

We refer to [7J for the proof of the following result: 

Theorem 5. Let 50? be a model. 

1. //9Jt is Jacobi-Tsankov, then J{x) 2 = for all x in V . 

2. IfdJl is Jacobi-Tsankov and Lorentzian, then R = 0. 

3. Let 5DT be indecomposable with dim(9JT) < 14. The following conditions are equivalent: 

(a) V = U © U and R = Rjj © where U and U are totally isotropic subspaces. 

(b) dJt is Jacobi-Tsankov. 

Either (3a) or (3b) implies that TZ(x,y)z £ U and that 1Z(x,y)lZ(u,v)z = for all x, y, 
z, u, v £ V , that J{x)J(y) = for all x, y G V, and that 5DT is skew-Tsankov. 

The condition J{x) 2 = does not imply that 50? is Jacobi-Tsankov [7]: 

Example 2. Let (•,•) be an inner product of signature (4,4) on M 8 . Choose skew-symmetric 
endomorphisms {ei, e2, e%, e±} so that 

e\ = e\ = id, e\ = e\ = — id, and e^ej + e^ei = for i ^ j. 
Note that this gives a suitable Clifford module structure to M 8 . Set 

4>\ = ei + e 3 and 4> 2 = e 2 + e 4 . 
Adopt the notation of Example [1] (2) to define Rfc . Then 

Wl := (R 8 ,(-,-),R (f)1 +R (j}2 ) 
is not Jacobi-Tsankov but satisfies J{x) 2 = for all x. 

We have the following example [7J that shows that the structure of Theorem (3a) is geo- 
metrically realizable: 

Example 3. Let (x±, . . . ,x p ,y±, . . . ,y p ) be the usual coordinates on ]R 2p . Let M. = (E? p ,g) 
where g(d Xi ,d yj ) = 5ij and let g(d Xi ,d Xj ) = gij(x). Then there exists a decomposition T(M. 2p ) = 
U ®U where U and U are totally isotropic so that lZ(x,y)z £ U and that lZ(x,y)lZ(u,v)z = 
for all x, y, z, u, v € V. Furthermore, for generic g, the model 9Jl(M,P) is indecomposable for 
all Pel*. 



1. 



M. Brozos- Vazquez et al. 



The restriction in Theorem [5] that dim(F) < 14 is essential. We have the following [7J: 
Example 4. Let {c^, a*, $,1, /3j,2, /?4,i, /?4,2}i<i<3 be a basis for M 14 . Define -M6,8 by: 

(«i,a*) = (A,1,A,2), 1 < » < 3; (/? 4 ,l,Al,l> = (At,2, ^4,2) = ~\] (04,1,04,2) = \\ 

-^«2,ai,Qfl,/?2,l ^03: Q l; a li/93,l ^03: Q 2,02,/93,2 1) 

O _ TJ T> I 

- n 'ai,a2,a2,/?l,2 ^01,03, 03, /3l,l ■ r ''«2,Q!3,03,/32,2 ) 

-^ai,a2,a3,/?4,i -^oii03i a 2,/94,i -^02 ,ct3, Q i 1/94,2 -^cf2,ai,a3,/34,2 — 2' 

Then 9716,8 has signature (6,8), 9Jt6,8 is Jacobi-Tsankov, 5Dt6,8 is not skew-Tsankov, and there 
exist x and y so that J[x)J{y) / 0. 

Furthermore, this example is geometrically realizable [lOj : 

Example 5. Take coordinates {xi, x*, 2/i,i, 2/j,2, 2/4,1, 2/4,2}i=i,2,3 for M 14 . Let Ofj E R and let 
A4 6j8 := (R 14 ,£/) where: 

g(d Xi ,d x *) = g(d yil ,d yi2 ) = 1, g(d y41 ,dy 41 ) = g(dy 42 ,d y42 ) = -|, 
3(^4,1)^4,2) = I' g{dx 1 ,d Xl ) = -2a 2 ,ix 2 y2,i - 203,12:32/3,1, 

g(d X2 ,d X2 ) = -203,22:32/3,2 - 2ai, 2 xi?/i, 2 , g(d X3 ,d X3 ) = -201,1X12/1,1 - 20,2,2X22/2,2, 
g(d Xl ,d X2 ) = 2(1 - a 2 ,i)xiy 2 ,i + 2(1 - 01,2)2:22/1,2, 
g(d X2 ,d X3 ) = £12/4,1 + 2(1 - 03,2)2:22/3,2 + 2 (! ~ 02,2)2:32/2,2, 
3(^1 , ^3) = ^22/4,2 + 2(1 - a 3 ,i)xi2/3,i + 2(1 - 01,1)2:32/1,1 ■ 

Then has the model 5D?6,8 and M is locally symmetric if and only if 

01,1 + 02,2 + ^3,103,2 = 2, 3o 2 ,i + 3a 3 ,i + 3ai, 2 ai,i = 4, 
3ai,2 + 303,2 + 3a 2 ,ia2,2 = 4. 

We note that the relations of Example [5] have non-trivial solutions. One may take, for 
example, 01,1 = a 2 , 2 = 1, ai >2 = a 2 ,i = §, and a 3 ,i = a 3 , 2 = 0. 

3 Skew-Tsankov models and manifolds 

Riemannian skew-Tsankov models are completely classified [SJ: 

Theorem 6. Let 9JI be a Riemannian skew-Tsankov model. Then there is an orthogonal direct 
sum decomposition V = V\ © • • • © © U where dim(Vfc) = 2 and where R = R\ © ■ ■ ■ © R^ © 0. 

Proof. One has that {1Z(£, ?/)}^, ?? ev is a collection of commuting skew-adjoint endomorphisms. 
As the inner product is definite, there exists an orthogonal decomposition of V so that each 
endomorphism 7£(£, rj) decomposes as a direct sum of 2 x 2 blocks 

( a(C,v) \ 

The desired result then follows from the curvature symmetries. ■ 

The situation in the geometric context is less clear. We refer to [8] for the following 3-di- 
mensional and 4-dimensional examples which generalize previous examples found in [27]. We 
say that M is an irreducible Riemannian manifold if there is no local product decomposition. 
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Example 6. 

1. Let M = (0, oo) x N where N is a Riemann surface with scalar curvature tn ^ 1- Give 
M the warped product metric ds 2 = dt 2 + t 2 ds 2 N . Then A4 := (M, is an irreducible 
skew-Tsankov manifold with tm = t~ 2 (TN — 1)- 

2. Let (x±,X2,X3, X4) be the usual coordinates on K 4 . Let Mp = (M 4 , g) where ds 2 = x 2 dx\ + 
(£3 + fix^) 2 dx\ + dx 2 + dx\. Then Mp is an irreducible skew-Tsankov manifold with 
T/3 = —2x^ 1 (xs + fix^)" 1 . M/3 is not isometric to Mg for < f3 < j3. 

In the higher signature setting, we note that Example [3] provides examples of neutral signature 
pseudo-Riemannian manifolds with TZ(x, y)1Z(z, w) = for all x, y, z, w. There are, however, 
less trivial examples. 

Definition 7. We say A4 is 3-skew nilpotent if 

1. There exist £j with 1Z(£i, ^2)^(^3, ^4) / and 

2. For all one has n(t 1 ,&)K(t 3 ,U)K(Z 5 ,&) = 0. 

We refer to [Hj for the proof of: 

Example 7. Let (x, u±, . . . , u m -2, y) be coordinates on M m . Let / = f(u) be smooth. Let 
S be a non-degenerate bilinear form on W m ~ 2 . Consider M. := (M m ,(?) where the non-zero 
components of g are given by: 

g{d x ,d x ) = -2/(n), g(d x ,d y ) = 1, g(d Ua ,d Ub ) = E ab . 

Then M is skew-Tsankov and 3-skew nilpotent; it need not be Jacobi-Tsankov. 

4 Jacobi— Videv models and manifolds 

One says A4 is Einstein if p is a scalar multiple of the identity. More generally: 

Definition 8. One says M is pseudo-Einstein if p either has a single real eigenvalue A or has 
exactly two eigenvalues which are complex conjugates p and p. 

It is immediate that pseudo-Einstein implies Einstein in the Riemannian setting as p is 
diagonalizable if the metric is positive definite. 

We refer to [T^] for the proof of the following result; see also [22] for related work in the 
4-dimensional context. 

Theorem 7. Let 9Jt be an indecomposable model which is Jacobi-Videv. Then 9Jt is pseudo- 
Einstein. 

Proof. Let m := dim(V). Let A G C have non-negative real part. Set 

V\ := {v £ V : (T — A) m (T - ~\) m v = 0}. 

We then have the Jordan decomposition V = ®\V\ as an orthogonal direct sum of generalized 
eigenspaces of p. Since Jix) preserves this decomposition, it follows that J = @\J\. The 
curvature symmetries then imply that 1Z = ®\TZ\. Since Wl is assumed indecomposable, there 
is only one V\ 7^ {0} and thus 9Jt is pseudo-Einstein. ■ 

This shows, in the Riemannian setting, that an indecomposable model is Jacobi-Videv if and 
only if it is Einstein. The condition that 9Jt is pseudo-Einstein does not, however, imply that 
9JT is Jacobi-Videv in the higher signature setting as the following [20] shows: 
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Example 8. Let {^i, £2, £3, £4} be coordinates on R 4 . Let Ai = (]R 4 ,<7) where 

g(d Xl ,d Xi ) = g(d X2 ,d X2 ) = g{d X3 ,d X3 ) = 1 and g(d Xl , d X3 ) = e X2 . 

Then Ai is a homogeneous Lorentz manifold and Ai is pseudo-Einstein with Rank(/o) = 2, 
Rank(/9 2 ) = 1, and Rank(/9 3 ) = 0. Thus Ai is pseudo-Einstein. However Ai is not Jacobi- 
Videv. 

We also have [20] 

Example 9. Let {x\,X2,x^,x^\ be coordinates on M 4 . Let Ai = (M 4 ,<7) where 

g{d Xl ,d X3 ) = g(d X2 ,d X4 ) = 1, g(d X3 ,d X3 ) = -g{d X4 ,d X4 ) = sxix 2 , 
g(dx3 ) 9 X4 ) = |(^2 — x i)- 

Then A4 is locally symmetric of signature (2,2), A4 is Jacobi-Videv, Ai is skew-Tsankov, and 
Ai is conformal Osserman. Ai is neither Jacobi-Tsankov nor Osserman. Ai is pseudo-Einstein 
with p 2 = —s 2 id. 

Example 10. Setting 

g(d Xl ,d X3 ) = g(d X2 ,d Xi ) = 1, g(d X3 ,d X:i ) = -g{d X4 ,d X4 ) = - xf), 
g(d X3 ,d X4 ) = -sxxX2 

yields a local symmetric space of signature (2, 2) which is Einstein. This manifold is Jacobi- 
Videv and skew-Tsankov. It is neither Jacobi-Tsankov, Osserman, nor conformal Osserman. 

We can give a general ansatz which constructs such examples in the algebraic setting; we do 
not know if these examples are geometrically realizable in general: 

Example 11. Let 9Jt = (V, (•, -),R) be a model. We complexify and let 
U :=F®iC. 

We extend (•, •) and R to be complex multi-linear. Let {e^} be an orthonormal basis for V. 
Let {ef := ei,e~ := \J — lej} be a basis for the underlying real vector space U := V © \J— IV. 
Let K and 9 denote the real and imaginary parts of a complex number, respectively. It is then 
immediate that 

••• : >«>:•••.)} and 5( VlV ) =3{E( VlV )} 

define a model := (U, (•,•), S). One has that the non-zero components of (•, •) are (ef , ef) = l 
and {e~ ,e~) = — 1. Thus the metric has neutral signature. Furthermore, the non-zero compo- 
nents of S are given by: 

= s ( e ti e ji e ti e T) = R(.ei,ej,e k ,ei), 
S(4i e 7i e ki e T) = S(er,ef,ej-,e[) = S(e~, ej, e+ ef ) 
= S(e^,ej,e^,ef) = -R(ei,ej,e k ,ei). 

We refer to [20] for the proof of the following result: 

Theorem 8. Adopt the notation of Example [TT1 If 9JI is a Riemannian Einstein model with 
P9JI = s id, then is a Jacobi-Videv pseudo- Einstein neutral signature model with p 2 ^ = —4s 2 id. 



Stanilov-Tsankov-Videv Theory 



9 



Definition 9. Let 971 = (V, (•, -),R) be a model. Let {v±, . . . ,v^} be an orthonormal basis for 
a non-degenerate fc-plane ir C V. Let e, := (vi,Vi) be ±1. One defines the higher order Jacobi 
operator by setting: 

fc 

J(tt) :=^£iJ(^). 

8=1 

The operator J~(tt) is independent of the particular orthonormal basis chosen; we refer to 
[21\ [2^1 [25] for a further discussion of this operator. If ix = V, then J(tt) = p. If ir = 
Span(x) where x is a unit spacelike vector, then J^(ir) = J{x). Thus J7(vr) can be thought of as 
interpolating between the Jacobi operator and the Ricci operator. 

Definition 10. Let 9K be a model of signature (p,q). We say that (r,s) is admissible if and 
only if 

< r < p, < s < q, and l<r + s<m— 1. 

Equivalently, (r, s) is admissible if and only if the Grassmannian of linear subspaces of signature 
(r, s) has positive dimension. 

One has the following useful characterization |19j : 

Theorem 9. The following properties are equivalent for 9Jt = (V, (•, •), R): 

1. 9Jt is Jacobi-Videv, i.e. J{x)p = pj{x) for all x £ V. 

2. There exists (r,s) admissible so l 7(7r) l 7(-7r- L ) = ^T(ir~ L )^T(Tr) for every non-degenerate sub- 
space 7T of signature (r,s). 

3. There exists (r,s) admissible so J{w)p = pJip) for every non degenerate subspace ir of 
signature (r, s) . 

4. J{ir)J{'K^~) = J{tt^~)J{'k) for every non- degenerate linear subspace ir. 

5. J{ir)p = pJ{tt) for every non- degenerate linear subspace tt C V . 

5 Conformal Osserman geometry 

We refer to [H [3] for the proof of the following result: 

Theorem 10. Let M be a conformally Osserman pseudo-Riemannian manifold of dimension m. 

1. If Ai is Riemannian and if m is odd, then M is locally conformally flat. 

2. If M is Riemannian, if m = 2 mod 4, if m > 10, and if W{P) ^ 0, then there is an 
open neighborhood of P in M which is conformally equivalent to an open subset of either 
complex projective space with the Fubini-Study metric or the negative curvature dual. 

3. If M. is Lorentzian, then A4 is locally conformally flat. 
We also recall the following result [2l [5] : 

Theorem 11. Let M be a 4- dimensional model of arbitrary signature. 

1. 9Jt is conformally Osserman if and only if M is either self-dual or anti- self- dual. 

2. //SOT is Riemannian, then 591 is conformally Osserman if and only if there exists a quater- 
nion structure {I,J,K} on V and constants A/, Xj, \k with Xj + Aj + Xk = so that 
R = XjRi + XjRj + XkRr where Ri, R j, and Rk are given by Example^ (2). 
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6 Walker geometry 

One says M is a Walker manifold of signature (2, 2) if it admits a parallel totally isotropic 
2-plane field; this implies [29^ [30] that locally M. is isometric to a metric on M 4 with non-zero 
components 

g(d Xl ,d X3 ) =g{d X2 ,d X4 ) = 1, g{d X3 ,d X4 ) = g 3 4, 
g{d X3 ,d Xa ) = 533, g{d X4 ,d X4 ) = gu- 

The geometry of Walker manifolds with 034 = has been studied in [11] . We impose 
a different condition by setting 533 = 544 = so the non-zero components of the metric are 
given by: 

g(d Xl ,d X3 ) = g(d X2 , d X4 ) = 1 and g(d X3 , d Xi ) = g 34 . (6.1) 

By Theorem [TTJ M is conformally Osserman if and only if M is either self-dual or anti-self- 
dual. One has [5] that: 

Theorem 12. Let M = (M 4 , g) where g is given by equation (I6.ip . 

1. M. is self-dual if and only if g-$A = x\p{x 3 ,xa) + X2g(x3, X4) + s(x3,X4). 

2. M. is anti-self-dual if and only i/534 = xip(x3,X4) + X2q(xs, X4) + s(x3, X4) + £(xi,X4) + 
T)(x 2 , x 3 ) with p/3 = q /A and g 34 p/3 ~ - ^2f>/33 - s /34 = 0. 

We refer to [4] for the following results: 

Theorem 13. Let M. = (R 4 , g) where g is given by equation ([6. If) . 

1. The following conditions are equivalent: 

(a) A4 is Osserman. 

(b) M is Einstein. 

(c) p = 0. 

(d) ff34 — ^ip(^3, ^4) + X2q(%3, £4) + 5(^3, X4) where p = —204(00 + 03X3 + 04X4) _1 , and 
q = -2a 3 (a + 03^3 + CI4X4)" 1 for (a ,a 3 ,«4) / (0,0,0). 

(e) J(x) 2 = /or all x. 

(f) A4 is Jacobi-Tsankov. 

2. T/ie following conditions are equivalent: 

(a) .M is Jacobi-Videv. 

(b) .M is skew-Tsankov. 

(c) 534 = xip(x 3 , x 4 ) + x 2 o(x 3 , x 4 ) + s(x 3 , x 4 ) w/iere p /3 = g /4 . 

A feature of these examples is that the warping functions are affine functions of x\ and x 2 . 
We return to the general setting of Walker signature (2, 2) geometry. Let V be a torsion free 
connection on a 2-dimensional manifold N. Let (x 3 ,X4) be local coordinates on N. We expand 

to define the Christoffel symbols of V. Let to = xidxs + X2dx 4 £ T*N; the pair (xi, x 2 ) gives the 
dual fiber coordinates. Let £ = £i ? '(x3,X4) S C co (S 2 (T*N)) be an auxiliary symmetric bilinear 
form. 



Stanilov-Tsankov-Videv Theory 



11 



Definition 11. The deformed Riemannian extension is the Walker metric on T*N defined by 
setting [T5] 

g(d Xl ,d X3 ) = g(d X2 ,d X4 ) = 1, 

g(dx 3 , d X3 ) = -2xir 33 3 (x 3 ,x 4 ) - 2x 2 r 33 4 (x 3 , x 4 ) + £33(2:3, x 4 ), 
g{d X3 ,d X4 ) = -2xir 34 3 (x 3 ,x 4 ) - 2x 2 r 34 4 (x 3 , x 4 ) + £34(2:3, x 4 ), 
g{d Xi ,d Xi ) = -2xir 44 3 (x 3 ,x 4 ) - 2x 2 r 44 4 (x 3 ,x 4 ) + £ 44 (x 4 ,x 4 ). 

Definition 12. Let pn{x,u) := Tr(z — ► TZ^(z, x)y) be the affine Ricci tensor. We may decom- 
pose this 2-tensor into symmetric and anti-symmetric parts by defining: 

Pn( x i V) '■= \{Pn{x, y) + Pn(v, x)) and, 
Pn( x ^) '■= \{PN{x,y) - p N (y,x)). 

The Jacobi operator is defined by setting Js/(x) : y — > TZ^(y, x)x. We say that M := (N,V) is 
affine Osserman if J\/{x) is nilpotent or, equivalently, if Spec-f^y^)} = {0} for all x. 

We refer to [4] for the proof of the following result: 

Theorem 14. 

1. M is skew-Tsankov if and only if pfj = 0. 

2. M is Osserman if and only if N is affine Osserman if and only if p s N = 0. 

3. p a N = or p s N = if and only if M. is Jacobi-Videv. 

4. pn = if and only if M. is Jacobi-Tsankov. 

Remark 3. This shows the notions Jacobi-Videv, and Jacobi-Tsankov, and skew-Tsankov are 
inequivalent notions. 

If M is conformally Osserman, let m\ be the minimal polynomial of Jw an d let Spec w be 
the spectrum of Jw- One has [5]: 

Theorem 15. Let M. = (K 4 , g) be the Walker manifold with non-zero metric components: 

g{d Xl ,d X3 ) = g(d X2 ,d X4 ) = 1, and g(d X3 , d X4 ) = g u . 
The following choices of g 34 make Ai conformal Osserman with: 

1 . The Jordan normal form does not change from point to point: 

(a) //<? 34 = x\ — x\, then m\ = A(A 2 — \) and Spec^ = {0,0,1b 1 ;}. 

(b) // <7 34 = x 2 + x\, then m\ = A(A 2 + j) and Spec^ = {0, 0, ±^i} . 

(c) // g 34 = x\x 4 + x 3 x 4 , then m\ = A 2 and Spec w = {0}. 

(d) If g 3 4 = x\, then m\ = A 3 and Spec w = {0}. 

2. Spec^/ = {0} but the Jordan normal form changes from point to point. 

(a) //g 34 = x 2 x| + x\x 4 , then m\ = A 3 if x 4 7^ 0, m\ = A 2 if x 4 = and x 3 7^ 0, and 
m x = A if x 3 = x 4 = 0. 

(b) // <7 34 = x 2 x| + x 3 x 4 , then m\ = A 3 i/x 4 7^ 0, and m\ = A 2 if x 4 = 0. 

(c) //<7 34 = x\x\, then m\ = A 3 if x 3 / 0, and m\ = A if x 3 = 0. 

(d) 7/g 34 = X1X3+X2X4, thenmx = A 2 i/xix 3 +x 2 x 4 / 0, andm\ = A i/xix 3 +x 2 x 4 = 0. 
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3. The eigenvalues can change from point to point: 

(a) // 534 = x\ + x\- x\- x\, then Spec w = {0, 0, ±\^J {fax\ + l)(6a:| + 1)} . 

(b) 7/534 = x\ + x\ + x A 2 + xl, then Spec w = {0,0, ±±y/-(6x{ + l)(6x 2 2 + 1)}. 

(c) If gu = x\- x\, then Spec^ = {0, 0, ±^ y /x 1 x 2 }. 

We conclude our discussion with the following result [6]: 

Theorem 16. Of the manifolds given above in Theorem Whi only the manifold with 534 = x\ is 
curvature homogeneous and only the manifold with 534 = xix^ + 2:32:4 is geodesically complete. 
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